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We analyse a system of two interacting spin-qubits subjected to a Landau-Majorana-Stu¨ckelberg-Zener
(LMSZ) ramp. We prove that LMSZ transitions of the two spin-qubits are possible without an external trans-
verse static field since its role is played by the coupling between the spin-qubits. We show how such a physical
effect could be exploited to estimate the strength of the interaction between the two spin-qubits and to generate
entangled states of the system by appropriately setting the slope of the ramp. Moreover, the study of effects of
the coupling parameters on the time-behaviour of the entanglement is reported. Finally, our symmetry-based
approach allows us to discuss also effects stemming from the presence of a classical noise or non-Hermitian
dephasing terms.
I. INTRODUCTION
The Landau-Majorana-Stu¨ckelberg-Zener (LMSZ)
scenario1 and the Rabi one2 represent two milestones
among exactly solvable time-dependent semi-classical mod-
els for two-level systems. A common fundamental property
of these two models is the possibility of realizing a full
population inversion in a two-state quantum system. In the
former case through an adiabatic passage via a level crossing,
in the second case thanks to the application of a resonant
pi-pulse.
It is important to underline that the LMSZ scenario, dif-
ferently from the Rabi case, is an ideal model. The word
“ideal” refers to the fact that it consists in a process charac-
terized by an infinite time duration resulting, then, practically
unrealisable. This fact leads, indeed, to not physical prop-
erties such as, for example, the fact that the energies of the
adiabatic states diverge at initial (−∞) and final instant (+∞).
As a consequence, both mathematical and physical problems
arise when amplitudes and not only probabilities are neces-
sary, e.g. when initial states present coherences3,4. In such
cases one can alternatively use either the exact solutions of
the finite LMSZ scenario5 or the Allen-Eberly-Hioe model6,
the Demkov-Kunike model7 or other models8,9, where no di-
vergency problems arise and the transition probability is rather
simple.
However, despite this circumstance, it is a matter of fact
that the LMSZ grasps peculiar dynamical aspects of a lot of
physical systems10. This relevant aspect has increased the
popularity of the LMSZ model and several efforts have been
done towards its generalization to the case ofN-level quantum
systems3,11,12 and total crossing of bare energies13. Moreover,
its experimental feasibility gave it a basic role in the area of
quantum technology thanks also to the several sophisticated
techniques developed for a precise local manipulation of the
state and the dynamics of a single qubit in a chain14–19.
In such an applicative scenario, as we know, several sources
of incoherences can be present20–23: incoherent (mixed)
states, relaxation processes (e.g., spontaneous emission) or in-
teraction with a surrounding environment (e.g., nuclear spin
bath). They generate incoherent excitation leading to de-
parture from a perfect (ideal) population transfer. There-
fore, more realistic descriptions of quantum systems sub-
jected to LMSZ scenario comprising such effects have been
proposed24–29.
In this respect, the most relevant influence in the dynam-
ics of a spin-qubit primarily stems from the coupling with its
nearest neighbours. Recently the attention has been focused
on double interacting spin-qubit systems subjected to LMSZ
scenario30–35. These papers investigate the coupling effects in
the two-spin system dynamics in view of possible experimen-
tal techniques and protocols. Moreover, such systems, un-
der specific conditions, behave effectively as a two-level sys-
tem with relevant applicability in quantum information and
computation sciences36. In the references cited before, in-
deed, generation of entangled states30 or the singlet-triplet
transition15,31,32 in the two-qubit system under the LMSZ sce-
nario have been studied.
With the same objective in mind, that is to characterize
physical effects stemming from the coupling between two
spin-qubits subjected to a LMSZ scenario, in this paper we
study a two-spin-1/2 system described by a C2-symmetry
Hamiltonian model. We consider coupling terms compati-
ble with the symmetry of the Hamiltonian, namely isotropic
and anisotropic exchange interaction. The two spin-1/2’s are
moreover subjected only to a LMSZ ramp with no transverse
static field. We show that LMSZ transitions for the two spin-
qubits are still possible thanks to the presence of the coupling,
playing the role of an effective transverse field. Such an effect,
we call coupling-assisted LMSZ transition, deserves particular
attention for two reasons. Firstly, it can be exploited to esti-
mate the presence and the relative weight of different coupling
parameters determining the symmetry of the Hamiltonian and
then the dynamics of the two spins. Secondly, through such
an estimation, it is possible to set the slope of the field ramp
in such a way to generate asymptotic entangled states of the
two qubits.
The paper is organized as follows. In Sec. II we intro-
duce the model and its symmetry properties on which the dy-
namical reduction is based. In Sec. III the application of the
LMSZ scenario on both the subdynamics (that is the two-qubit
2dynamics restricted to the invariant subspaces) is performed.
Moreover, physical effects stemming from the (an)isotropy of
the exchange interaction are brought to light. In the subse-
quent Sec. IV, we emphasize the possibility of estimating the
values of the coupling parameters. The generation of asymp-
totic entangled states of the two spins through coupling-based
LMSZ transitions is reported instead in Sec. V. Some ef-
fects of a possible interactionwith a surrounding environment,
providing for either a classical noisy field component or non-
Hermitian terms in the Hamiltonian model, are taken into ac-
count in Sec. VI. Finally, some conclusive comments and fur-
ther remarks can be found in the last Sec. VII.
II. THE MODEL
Let us consider the following model, describing two inter-
acting spin-qubits:
H = h¯ω1(t)σˆ
z
1 + h¯ω2(t)σˆ
z
2 + γxσˆ
x
1 σˆ
x
2 + γyσˆ
y
1 σˆ
y
2 + γzσˆ
z
1σˆ
z
2
(1)
where σˆ xi , σˆ
y
i and σˆ
z
i (i = 1,2) are the Pauli matrices and all
the parameters may be thought as time-dependent. The ma-
trices are represented in the following ordered two-spin basis
{|++〉, |+−〉, |−+〉, |−−〉} (σˆ z|±〉=±|±〉).
TheC2-symmetry with respect to the z-direction, possessed
by the Hamiltonian, causes the existence of two dynamically
invariant Hilbert subspaces related to the two eigenvalues of
the constant of motion σˆ z1σˆ
z
2
37. Basing on such a symmetry,
the time evolution operator, solution of the Schro¨dinger equa-
tion ih¯U˙ = HU , may be formally put in the following form37
U =


a+(t) 0 0 b+(t)
0 a−(t) b−(t) 0
0 −b∗−(t) a∗−(t) 0
−b∗+(t) 0 0 a∗+(t)

 . (2)
The conditionU(0) = 1 is satisfied by putting a±(0) = 1 and
b±(0) = 0. It is worth noticing that a±(t) and b±(t) are the
time-dependent parameters of the two evolution operators
U± = e∓iγzt/h¯
(
a±(t) b±(t)
−b∗±(t) a∗±(t)
)
, (3)
solutions of two independent dynamical problems of fictitious
single spin-1/2, namely ih¯U˙± = H±U±,U±(0) = 1±, with
H± =
(
h¯Ω±(t) γ±
γ± −h¯Ω±(t)
)
± γz1±
=h¯Ω±(t)σˆ z+ γ±σˆ x± γz1±,
(4)
where
Ω±(t) = [ω1(t)±ω2(t)], γ± = (γx∓ γy), (5)
and 1± represent the identity operators within the two-
dimensional subspaces. Thus, it means that the solution of the
dynamical problem of the two interacting spin-1/2’s is traced
back to the solution of two independent problems, each one of
single (fictitious) spin-1/237.
The explicit expressions of a±(t) and b±(t) depend on
the specific time-dependences of ω1(t) and ω2(t). It is well
known that it is not possible to find the analytical solution of
the Schro¨dinger equation for a spin-1/2 subjected to a generic
time-dependent field. Therefore, specific exactly solvable
time-dependent scenarios for a single spin-1/2 might be of
great help to investigate the dynamics of the two interacting
spin system under scrutiny37.
III. COUPLING-BASED LMSZ TRANSITION
In this section we investigate the case in which a LMSZ
ramp is applied on either just one or both the spins. Our fol-
lowing theoretical analysis is based on the possibility of ex-
perimentally addressing at will the spin systems exploiting,
for example, the Scanning Tunneling Microscopy (STM). It
appears hence appropriate to furnish a sketch of such a tech-
nique.
STM proved to be an excellent experimental technique in
controlling the dynamics of spin-qudit systems for two main
reasons: 1) the possibility of building atom by atom atomic-
scale structures38, such as spin chains and nano-magnets39; 2)
the possibility of controlling the whole system by addressing
a single element (qudit) while it interacts with the others39–41,
succeeding in realizing, for example, logic operations38. The
manipulation of a single qudit dynamics is performed through
the exchange interaction between the atom on the tip of the
scanning tunneling microscope and the target atom in the
chain. It is possible to show that such an interaction is equiv-
alent to a magnetic field applied on the atom we want to
manipulate18,39. In this way, it is easy to guess that a time-
dependent distance between the tip and the target atom gener-
ates a time-dependent exchange coupling, giving rise, in turn,
to a time-dependent effectivemagnetic field on the atom of the
chain, as analysed in Ref.18. Basing on such an observation,
in Ref.19 the authors study the spin dynamics and entangle-
ment generation in a spin chain of Co atoms on a surface of
Cu3N/Cu(110). Precisely, they consider a LMSZ ramp along
the z direction produced in a time window of 20ps and a short
Gaussian pulse in the x direction (half-width: 10ps).
A. Collective LMSZ Dynamics
At the light of the STM experimental scenario, we take into
account firstly the case of a LMSZ ramp applied on the first
spin such that
h¯ω1(t) = αt/2, h¯ω2(t) = 0, t ∈ (−∞,∞), (6)
where α is related to the velocity of variation of the field,
B˙z ∝ α , and it is considered a positive real number without
loss of generality. Let us consider, moreover, the two spins
initialized in the state |−−〉. In this instance, the subdynam-
ics governed by H+ is characterized by a LMSZ scenario
where the longitudinal (z) magnetic field produces the stan-
dard LMSZ ramp h¯Ω+(t) = h¯ω1(t) =αt/2 and the transverse
3effective magnetic field along the x-direction is given by γ−.
It is well-known that the dynamical problem for such a time-
dependent scenario can be analytically solved. The transition
probability of finding the two-spin system in the state |++〉
coincides with the probability of finding the fictitious spin-1/2
subjected to H+ in its state |+〉 starting from |−〉 and reads1
P+ = |〈++ |U+(∞)|−−〉|2 = 1− exp{−2piγ2+/h¯α}. (7)
If we now, instead, consider the two spins initially prepared
in |−+〉, the probability for each spin-1/2 of undergoing a
LMSZ transition, that is the probability of finding the two-
spin system in the state |+−〉, results
P− = |〈+−|U−(∞)|−+〉|2 = 1− exp{−2piγ2−/h¯α}. (8)
This time the transition probability is governed by the ficti-
tious magnetic field given by γ−. The effective longitudi-
nal magnetic field, instead, is the same, namely h¯Ω−(t) =
h¯ω1(t) = αt/2. We see that in both cases, though a constant
transverse magnetic field is absent, the LMSZ transition of
both the spins is possible thanks to the presence of the cou-
pling between them. It is important to stress that, for the cases
considered before, if γx = γy (as it often happens experimen-
tally) we cannot have transition in the first case, that is in the
subdynamics involving |++〉 and |−−〉. In this instance, in-
deed, P+ happens to be 0 at any time.
B. Isotropy Effects: Local LMSZ Transition by nonlocal
Control and State Transfer
The symmetry-based dynamical decomposition and the ap-
plication of the STM LMSZ scenario in each subdynamics
allow us to bring to light peculiar evolutions of physical in-
terest. For example, if we consider γx 6= γy and the following
initial condition
|+〉⊗ |+〉+ |−〉√
2
, (9)
the two states |++〉 and |−−〉 evolve independently and ap-
plying the LMSZ ramp we have the probability P = P+P− to
find asimptotically the two-spin system in the state
|−〉⊗ |+〉+ |−〉√
2
. (10)
We see, that such a dynamics leaves unaffected the second
spin, while it produces a LMSZ transition only on the first
spin. It is also relevant the dynamical evolution of the sym-
metric initial condition
|+〉+ |−〉√
2
⊗|+〉. (11)
This time, we get the same probability P = P+P− of finding
asymptotically the two-spin system in
|+〉+ |−〉√
2
⊗|−〉. (12)
This case results less intuitive even if we are reproducing the
same dynamics but with interchanged roles of the two spins.
In this instance, in fact, we generate a LMSZ transition only
on the second spin by locally applying the field on the first
one. This shows that the coupling between the two spins plays
a key role to achieve a non-local control of the second spin by
locally manipulating the first ancilla qubit.
If we consider, instead, γx = γy = γ/2 we know that the
transition |−−〉↔ |++〉 is suppressed. This means that if we
consider as initial conditions the states in Eqs. (9) and (11),
we get asymptotically, this time, the states
|+〉+ |−〉√
2
⊗|+〉, (13a)
|+〉⊗ |+〉+ |−〉√
2
, (13b)
respectively, with probability P = 1− exp{−2piγ2/h¯α}. We
see that the isotropy properties of the exchange interaction
consistently change the dynamics of the system. When the
exchange interaction is isotropic, indeed, the asymptotic states
reached by the initial conditions (9) and (11) radically change.
In these cases, the resulting physical effect is a state transfer or
a state exchange between the two spin-qubits. Therefore, the
different state transitions from the state (9) [(11)] to the state
(10) or (13a) [(12) or (13b)] can reveal the level of isotropy of
the exchange interaction.
IV. COUPLING PARAMETER ESTIMATION
It is interesting noticing that the coupling-based LMSZ
transition could be used to estimate the coupling parameters.
By measuring P+ and P− (Eqs. (7) and (8), respectively) in a
physical scenario describable by the Hamiltonian model (1),
we get an estimation of γ+ and γ− and then of the two cou-
pling parameters γx and γy. Supposing to know P+ and P−, we
have indeed
γx =
1
2
√
h¯α
2pi
[√
log
(
1
1−P−
)
+
√
log
(
1
1−P+
)]
,
γy =
1
2
√
h¯α
2pi
[√
log
(
1
1−P−
)
−
√
log
(
1
1−P+
)]
.
(14)
We wish to emphasize that we may estimate the coupling pa-
rameters also through the Rabi oscillations occurring in the
two subspaces. Applying, indeed, a constant field ω1 on the
first spin, the two probabilities P+ and P− become
P+ =
γ2+
h¯2ω21 + γ
2
+
sin2
(√
ω21 + γ
2
+/h¯
2 t
)
,
P− =
γ2−
h¯2ω21 + γ
2−
sin2
(√
ω21 + γ
2−/h¯
2 t
)
.
(15)
So, by measuring the frequency and the amplitude of the os-
cillations in the two cases we may get information about the
the relative weights of the coupling parameters.
4V. ENTANGLEMENT
A precise estimation of the coupling parameters is use-
ful also to generate entangled states of the two spins. By
the knowledge of them, indeed, we may set the parameter
α in order to get asymptotically P± = 1/2, generating so
an entangled state. If the two spins start from state |−−〉
or |−+〉, being the dynamics unitary, they reach asymptoti-
cally the pure state (|++〉+eiφ |−−〉)/√2 in the first case and
(|+−〉+ eiφ |−+〉)/√2 in the second case, which are maxi-
mally entangled states. The asymptotic curves of the concur-
rence (the entanglemnt measure for two spin-1/2’s introduced
in Ref.42), in fact, when the two-spin system is initialized in
|−−〉 or |−+〉, read respectively
C = 2|c++c−−|= 2
√
P+(1−P+) = 2
√
(1− e−2piβ+)e−2piβ+
(16a)
C = 2|c+−c−+|= 2
√
P−(1−P−) = 2
√
(1− e−2piβ−)e−2piβ−
(16b)
and they exhibit a maximum for β+ = β− = log(2)/2pi ≈
0.11. In the previous expressions we put β+ = γ
2
+/h¯α and
β− = γ2−/h¯α , while c++ and c−− (c+− and c−+) are the
asymptotic amplitudes of the states |++〉 and |−−〉 (|+−〉
and |−+〉), respectively. Therefore, log(2)/2pi is exactly the
value the LMSZ parameters β+ ad β− must have to realize the
generation of the entangle states (|++〉+ eiφ |−−〉)/√2 and
(|+−〉+ eiφ |−+〉)/√2 when the two spins start from |−−〉
or |−+〉, respectively. Figure 1a reports the two curves for
β−/2= β+ = β .
0.5 1.0 1.5 2.0
Β
0.2
0.4
0.6
0.8
1.0
C
(a)
-30 -20 -10 0 10 20 30
Τ
0.2
0.4
0.6
0.8
1.0
C
(b)
Figure 1: (Color online) a) The two curves of the
concurrence in Eq. (16a) (full blue line) and Eq. (16b) (red
dashed line) for β−/2= β+ = β ; b) Time behaviour of
concurrence for the initial condition |−−〉 and β+ = 0.1
plotted against the dimensionless time τ =
√
α/h¯ t.
We may verify this fact by investigating the behaviour of
the concurrence in time. To this end, the exact solutions of
the two time-dependent parameters determining the two time
evolution operators U+ and U− in Eq. (3), related to each
subdynamics, are necessary and they reads, namely5
a± =
Γ f (1− iβ±)√
2pi
×[Diβ±(
√
2e−ipi/4τ) D−1+iβ±(
√
2ei3pi/4τi)
+Diβ±(
√
2ei3pi/4τ) D−1+iβ±(
√
2e−ipi/4τi)],
b± =
Γ f (1− iβ±)√
2piβ
eipi/4
×[−Diβ±(
√
2e−ipi/4τ) D−1+iβ±(
√
2ei3pi/4τi)
+Diβ±(
√
2ei3pi/4τ) D−1+iβ±(
√
2e−ipi/4τi)].
(17)
Γ f is the Gamma function, while Dν(z) are the parabolic
cylinder functions43 and τ =
√
α/h¯ t is a time dimensionless
parameter; τi identify the initial time instant. If the system
starts, e.g., from the state |−−〉 the amplitudes result
c++ = b+, c−− = a∗+, c+− = c−+ = 0, (18)
and the related time-behaviour of the concurrence C =
2|b+||a+| for β+ = 0.1 is reported in Fig. 1b. We see, as ex-
pected, that such a choice of the LMSZ parameter generate a
maximally entangled state of the two spin-qubits. It is impor-
tant to point out that, on the basis of Eqs. (17), the parameter
β+ determines not only the asymptotic value of the concur-
rence but also its time behaviour. This fact is confirmed and
can be appreciated by Figs. 2a and Fig. 2b reporting the con-
currence against the dimensionless parameter τ for β+ = 1/2
and β+ = 2, respectively. The physical meaning of the asymp-
totic vanishing of C in Fig. 2b is that for the specific value of
β+ the system evolves quite adiabatically towards the factor-
ized states |−−〉. On the contrary, in Figs. 2a the slope of the
ramp induces a non adiabatic evolution towards a coherent not
factorizable superposition of |++〉 and |−−〉.
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Figure 2: (Color online) Time behaviour of the concurrence
against the dimensionless parameter τ =
√
α/h¯ t during a
LMSZ process when the system starts from the state |−−〉
for a) β+ = 1/2 and b) β+ = 2. The upper straight curve
corresponds toC(τ) = 1.
We would get analogous results by studying the LMSZ pro-
cess when the two spin-qubits start from the state |−+〉. In
this case, only the states |−+〉 and |+−〉 would be involved
and the LMSZ parameter determining the different concur-
rence regimes would be β−. For such initial conditions, then,
5the ratio β+/β−, imposing precise relationships between the
coupling parameters γx and γy, does not matter.
Such a ratio, conversely, results determinant for other initial
conditions, e.g. the one considered in Eq. (10). In this case
the amplitudes read
c++ = a+, c−− =−b∗+, c+− = a−, c−+ =−b∗−. (19)
In Figs. 3a-3f we may appreciate the influence of both the ra-
tio β−/β+ and the free parameter β+; the former influences
only qualitatively the behaviour of the concurrence, while the
latter both qualitatively and quantitatively. This time too, the
concurrence vanishes for high values of β+ witnessing an
asymptotic factorized state. For small values of β+, instead,
positive values of entanglement even for large times indicate
a superposition of the four standard basis states.
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Figure 3: (Color online) Time behaviour of the concurrence
against the dimensionless parameter τ =
√
α/h¯ t during a
LMSZ process when the system starts from the state
(|++〉+ |+−〉)/√2 for β−/β+ = 1/2 and a) β+ = 1/2, b)
β+ = 2; β−/β+ = 2 and c) β+ = 0.5, d) β+ = 2; β−/β+ = 2
and e) β+ = 0.1, f) β+ = 10. The upper straight curve
corresponds toC(τ) = 1.
In conclusion of this section, we underline that in Ref.30
the authors considered a system of two spin-1/2’s interacting
only through the term σˆ z1σˆ
z
2 and subjected to the same mag-
netic field consisting in a Gaussian pulse uniformly rotating
in the x− y plane and a LMSZ ramp in the z direction. They
showed that the coupling between the two spins enhances sig-
nificantly the probability to drive adiabatically the two-spin
system from the separate state |−−〉 to the entangled state
(|+−〉+ |−+〉)/√2. In this case the procedure to generate
an entangled state is different from the scenario considered
here because of the different symmetries of the Hamiltonians
ruling the two-spin dynamics. Indeed, in Ref.30 the Hamil-
tonian commutes with Sˆ2 and consequently two dynamically
invariant Hilbert subspaces exist: one of dimension three and
the other of dimension one. The three-dimensional subspace
is spanned by the states |++〉, (|+−〉+ |−+〉)√2 and |−−〉,
making possible the preparation of the entangled state of the
two spin-1/2’s by an adiabatic passage when they start from
the separate state |−−〉. In our case, instead, Sˆ2 is not con-
stant while the integral of motion is σˆ z1σˆ
z
2 . The symmetries of
the Hamiltonian, thus, generate two two-dimensional dynam-
ically invariant Hilbert subspaces: one spanned by |++〉 and
|−−〉 and the other by |+−〉 and |−+〉. Then, in our case, the
transition between the states considered in the other work is
impossible since such states belong to different invariant sub-
spaces.
VI. EFFECTS OF CLASSICAL NOISE
In experimental physical contexts involving atoms, ions
and molecules investigated and manipulated by application of
lasers and fields, the presence of noise in the system stem-
ming from the coupling with a surrounding environment is
unavoidable. Though a lot of technological progresses and ex-
perimental expedients have been developed, it is necessary to
introduce such decoherence effects in the theoretical models
for a better understanding and closer description of the experi-
mental scenarios. There exist different approaches to treat the
influence of a thermal bath; one is to consider the presence
of classical noisy fields26,44 stemming, e.g., from the presence
and the influence of a surrounding nuclear spin bath26.
In the last reference the authors study a noisy LMSZ
scenario for a N-level system. They take into account a
time-dependent magnetic field η(t) only in the z-direction
and characterized by the following time correlation function
〈η(t)η(t ′)〉 = 2Gδ (t− t ′). The authors show that the LMSZ
transition probability P+− for a spin-1/2 to be found in the state
|+〉 starting from |−〉, in case of large values of G, changes as
P+− =
1− exp{−2pig2/h¯α}
2
, (20)
where g is the energy contribution due to the coupling of the
spin-1/2 with the constant transverse magnetic field and α is
the ramp of the longitudinal magnetic field. We see that the
value of G, provided that it is large, does not influence the
transition probability. The unique effect of the noisy compo-
nent is the loss of coherence. The field indeed cannot generate
transitions between the two diabatic states, being only in the
same direction of the quantization axis. In this way the tran-
sition probability, as reasonable, results hindered by the pres-
ence of the noise, since, for g2/α ≫ 1, the system reaches at
most the maximally mixed state.
This result is of particular interest in our case since the ad-
dition of the noisy component η(t) leaves completely unaf-
fected the symmetry-based Hamiltonian transformation and
6the validity of the dynamics-decoupling procedure. Thus, also
in this case, the dynamical problem of the two-qubit system
may be converted into two independent spin-1/2 problems af-
fected by a random fluctuating z-field. Thus, we may write
easily the transition probabilities when the two spins are sub-
jected to a unique homogeneous field influenced by the noisy
component considered before. We have precisely
P+=
1− exp{−2piγ2+/h¯α}
2
, ω1(t)=ω2(t)= [αt+η(t)]/4,
(21)
We underline that the transition probability P− vanishes in
case of an unique homogeneous magnetic field. In the related
subdynamics, indeed, the effective field ruling the two-spin
dynamics is zero, namely Ω−(t) = 0. Moreover, for γx = γy
we would have no physical effects, since, in such a case, also
P+ would result zero.
Another way to face with the problem of open quantum
systems is to use non-Hermitian Hamiltonians effectively in-
corporating the information of the fact that the system they
describe is interacting with a surrounding environment45–50.
We may suppose, for example, that the spontaneous emis-
sion from the up-state to the down-one is negligible and that
some mechanism makes the up-state |+〉 irreversibly decay-
ing out of the system with rate ξ and ξ ′ for the first and sec-
ond spin-1/2, respectively. It is well known that we can phe-
nomenologically describe such a scenario by introducing the
non-Hermitian terms iξ σˆ z1/2 and iξ
′σˆ z2/2 in our Hamiltonian
model. Analogously to the case of a noisy field component,
also the introduction of these terms does not alter the symme-
try of the Hamiltonian model. The symmetry-based transfor-
mation leads us to two independent non-Hermitian two-level
models. In the same way we may exploit the results got for
a single qubit with a decaying state subjected to the LMSZ
scenario24,25,27 and reread them in terms of the two-spin-1/2
language. We know that the decaying rate affects only the
time-history of the transition probability but not, surprisingly,
its asymptotic value24. However, this result is valid for the
ideal LMSZ scenario; considering the more realistic case of
a limited time window, it has been demonstrated, indeed, that
a decaying rate-dependence for the population of the up-state
arises25.
VII. CONCLUSIVE REMARKS
In this work we considered a physical system of two inter-
acting spin-1/2’s whose coupling comprises the terms stem-
ming from the anisotropic exchange interaction. Moreover,
each of them is subjected to a local field linearly varying over
time. The C2-symmetry (with respect to the quantization axis
zˆ) possessed by the Hamiltonian allowed us to identify two
independent single spin-1/2 sub-problems nested in the quan-
tum dynamics of the two spin-qubits. This fact gave us the
possibility of decomposing the dynamical problem of the two
spin-1/2’s into two independent problems of single spin-1/2.
In this way, our two-spin-qubit system may be regarded as a
four-level system presenting an avoided crossing for each pair
of instantaneous eigenenergies related to the two dynamically
invariant subspaces. This aspect turned out to be the key to
solve easily and exactly the dynamical problem, bringing to
light several physically relevant aspects.
In case of time-dependent Hamiltonian models, such a
symmetry-based approach and the reduction to independent
problems of single spin-1/2 has been used also in other
cases37,51–53. This fact permits a deep understanding of the
quantum dynamics of the spin systems with consequent po-
tential applications in quantum information and computation.
We underline, in addition, that the dynamical reduction ex-
posed in Sec. II is independent of the time-dependence of
the fields. Thus, we may consider also different exactly solv-
able time-dependent scenarios54–60 for the two subdynamics,
resulting, of course, in different two-spin dynamics and phys-
ical effects.
In this paper, we showed that, although the absence of a
transverse chirp30 or constant field, LMSZ transitions are still
possible, precisely from |−−〉 to |++〉 and from |−+〉 to
|+−〉 (the two couples of states spanning the two dynamically
invariant Hilbert spaces related to the symmetry Hamiltonian).
Such transitions occur thanks to the presence of the coupling
between the spins which plays as effective static transverse
field in each subdynamics.
It is worth noticing that, in our model, the two LMSZ sub-
dynamics are ruled either by different combinations of the ex-
ternally applied fields (when the local fields are different) or
by the same field (under the STM scenario, that is when one
local field is applied on just one spin). In the latter case we
showed the possibility of 1) a non-local control, that is to ma-
nipulate the dynamics of one spin by applying the field on the
other one and 2) a state exchange/transfer between the two
spins. We brought to light how such effects are two different
replies of the system depending on the isotropy properties of
the exchange interaction.
Concerning the interaction terms, each subdynamics is
characterized by different combinations of the coupling pa-
rameters. This aspect has relevant physical consequences
since, as showed, by studying the LMSZ transition probabil-
ity in the two subspaces, it is possible both to evaluate the
presence of different interaction terms and to estimate their
weights in ruling the dynamics of the two-spin system. We
brought to light how the estimation of the coupling parame-
ters could be of relevant interest since, through this knowl-
edge, we may set the slope of variation of the LMSZ ramp
as to generate asymptotically entangled states of the two spin-
1/2’s. Moreover, we reported the exact time-behaviour of the
entanglement for different initial conditions and we analysed
how the coupling parameters can determine different entan-
glement regimes and asymptotic values.
Finally, we emphasized how our symmetry-based analy-
sis has proved to be useful also to get exact results when a
classical random field component or non-Hermitian terms are
considered to take into account the presence of a surround-
ing environment interacting with the system. In this case,
the dynamics decomposition is unaffected by the presence
of the noise or the dephasing terms and then we may apply
the results previously reported for a two-level system24–26 and
reread them in terms of the two spin-1/2’s.
7We wish to underline, in addition, that our results are valid
not only within the STM scenario, but they are applicable to
other physical platforms. Indeed, the local LMSZ model for
a spin-qubit interacting with another neighbouring spin-qubit
may be reproduced also in laser-driven cold atoms in optical
lattices where highly-selective individual addressing has been
experimentally demonstrated61. Another prominent example
is laser-driven ions in a Paul trap where spatial individual ad-
dressing of single ions in an ion chain has been routinely used
for many years62,63. Yet another example is microwave-driven
trapped ions in a magnetic-field gradient where individual ad-
dressing with extremely small cross-talk has been achieved in
frequency space64,65.
We point out that the results obtained in this paper are
deeply different from the ones reported in other Refs.15,31,32
where systems of two spin-1/2’s in a LMSZ framework have
been investigated on the basis of an approximate treatment. In
these papers, indeed, the two spin-qubits are not directly cou-
pled, but they interact through a common nuclear spin bath
which they are coupled to. Such a composite system behaves
as a two-level system under several assumptions and to de-
rive the effective single spin-1/2 Hamiltonian requires several
approximations. In Ref.32, in particular, the effective Hamil-
tonian describes the coupling between the two-level system
and a longitudinal time-dependent field which is not a pure
LMSZ ramp, presenting a complicated functional dependence
on the original Hamiltonian parameters. There is, in addi-
tion, a time-dependent effective interaction between the two
states possessing a complicated functional dependence on the
confinement energy as well as the tunneling and Coulomb en-
ergies. Although such an effective Hamiltonian goes beyond
the standard LMSZ scenario, it may be considered similar to
the LMSZ one since both Hamiltonians describe an adiabatic
passage through an anticrossing.
In our case, instead, the two spin-1/2’s are directly cou-
pled, besides to be subjected to a random field stemming from
the presence of a spin bath. Furthermore, the effective two-
state Hamiltonians governing the two-qubit dynamics in the
two invariant subspaces are easily got without involving any
assumption and/or approximation. The two two-level Hamil-
tonians, indeed, are derived only on the basis of a transpar-
ent mathematical mapping between the two-qubit states in
each subspace and the states of a fictitious spin-1/2. More-
over, they describe exactly a LMSZ scenario with a standard
avoided crossing where the transverse constant field is effec-
tively reproduced by the coupling existing between the two
qubits. The treatment at the basis of this work remarkably
enables us to explore peculiar dynamical aspects of the sys-
tem described by Eq. (1), leading, for example, to the exact
evolution of the entanglement get established between the two
spins.
We underline, moreover, that our study is not a special
case of the one considered in Ref.34, where a Lipkin-Meskow-
Glick (LMG) interaction model for N spin-qubits subjected to
a LMSZ ramp is considered. The numerical results reported
in Ref.34 are, indeed, based on the mean field approximation.
In addition, there is no possibility of considering in the LMG
model effects stemming from the anisotropy between x and y
interaction terms.
Finally, two challenging problems naturally extending the
investigation here reported are 1) that considering the inter-
action of two qutrits66 in place of two qubits and 2) that tak-
ing into account the coupling of the two spins with a quan-
tum baths67 in place of the interaction with a classical random
field.
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